Abstract. It is proved that, for a prime p > 2 and an integer n ≥ 1, finite p-groups of nilpotency class 3 and having only two conjugacy class sizes 1 and p n exist if and only if n is even; moreover, for a given even positive integer, such a group is unique up to isoclinism (in the sense of Philip Hall).
In view of these examples, the question asked in [9] reduces to the following: Does there exist a finite p-group of nilpotency class 3 and conjugate type (1, p n ), for an odd prime p and odd integer n ≥ 5?
We answer this question, by proving the following much general result. We set some notations for a multiplicatively written finite group G which are mostly standard. We denote the commutator subgroup of G by G ′ and the center of G by Z(G). The third term of the lower central series of G is denoted by γ 3 (G). To say that H is a subgroup of G, we write H ≤ G. Note that if [G, x] ⊆ Z(G), then [G, x] is a subgroup of G. For a subgroup H of G and an element x ∈ G, by C H (x) we denote the centralizer of x in H. The exponent of G is denoted by ex p (G) . If N is a normal subgroup of G, then the fact that xy −1 ∈ N will be denoted by x ≡ y (mod N). By F p we denote the field of integers modulo p.
Reductions
In 1940, P. Hall [2] introduced the concept of isoclinism among groups. Let X be a finite group and X = X/ Z(X). Then commutation in X gives a well defined map a X : X × X → X ′ such that a X (x Z(X), y Z(X)) = [x, y] for (x, y) ∈ X × X. Two finite groups G and H are said to be isoclinic, if there exists an isomorphism φ of the factor group G = G/ Z(G) onto H = H/ Z(H), and an isomorphism θ of the subgroup G ′ onto H ′ such that the following diagram is commutative:
Note that isoclinism is an equivalence relation among groups. Equivalence classes under this relation are called isoclinism families. We recall the following two results of Hall. The preceding results reduce our study to the finite p-groups G satisfying the following conditions:
For notational convenience, we set Hypothesis (A1). We say that a finite p-group G satisfies Hypothesis (A1), if (1)-(4) above hold for G.
Key results
In this section we determine some important invariants associated to a finite p-group satisfying Hypothesis (A1).
Since the nilpotency class of G is 3, G ′ is abelian; hence by the given hypothesis, for any y ∈ G ′ \ Z(G), we have
We proceed by the way of contradiction. Contrarily suppose that [G ′ : Z(G)] = p k with n ≤ k. Our plan is to count the cardinality of following set in two different ways:
Note that X is well defined. For, if
On the other hand, fix
≥ p n , then there are at least p n conjugates of x in G ′ ; hence, by the given hypothesis, there are exactly p n conjugates of x in G ′ . Consequently we have x G = x G ′ . Let {x 1 , . . . , x m } be a minimal generating set of G. Then x x i = x h i for some h i ∈ G ′ ; hence x
m } is also a generating set for G, which centralizes x, which implies that x ∈ Z(G), a contradiction.
Comparing the size of X, we get
which on simplification gives
Before proceeding further, we introduce the notion of breadth in p-groups. Let G be a finite p-group.
The breadth b G of G is defined as
Let A be an abelian normal subgroup of G. Then we define the following:
For the ease of notation, we denote B A (G) by B A .
Lemma 3.2. Let G satisfiy Hypothesis (A1). Then
As in the proof of Lemma 3.1, we have
Consequently, T is a proper subset of G, and therefore there exists an element
which is a contradiction. Hence B G ′ = G, which completes the proof.
As a consequence of Hall-Witt identity, we get Lemma 3.3. Let G be a group of nilpotency class 3 and let x, y, z
The following result computes the index of G ′ in G.
Proof. For n = 2, the result is proved in [4, Theorem 4.2]. So we assume that n > 2. Since G ′ is abelian, it follows that [G : Step
It follows from Lemma 3.2 that we can choose an element x 1 ∈ G such that We now show that l = k. For any t with l < t ≤ m + k, we have
In particular, for
Consequently by (3.5) and Lemma 3.3,
Thus for any i with 1
Consequently, we get
Observe that, by Lemma 3.2,
Step 2. For any y ∈ G \ H, there exist elements h 1 , h 2 , . . . , h m ∈ G ′ such that
and are of order p m .
. . , y m+k , Z(G) . As in Step 1, we can modify (if necessary) the elements y k+1 , . . . , y m+k so that
i for some integers a ij and some element h i ∈ G ′ . Hence x k+i h i ∈ C G (y), which shows that
By the vary choice of y k+1 , . . . , y m+k , it follows that
This, along with (3.6) and (3.7), proves Step 2.
Step 3. The cardinality of
Hence, by (3.8) and (3.10), we have
and the proof of Step 3 is complete.
We now proceed to get the final contradiction. Note that there exists some element
For, if there is no such y 0 , then for each y ∈ H \ G ′ , we get
which is absurd.
for some integers s and r.
The preceding equation along with (3.12) gives
Hence, by Lemma 3.1,
which is absurd, and the proof of the lemma is complete.
As an immediate consequence of the preceding lemma, we get the following important information about centralizers of elements in G, which we use frequently without any further reference. 
. We consider two cases, namely (1) n > 2m and (2) n < 2m, and get contradiction in both.
Since G is of nilpotency class 2 and |G ′ | = p m , we have
Hence n = 2m, and the proof is complete.
Before proceeding further, we strengthen Hypothesis (A1) as follows:
Hypothesis (A2). We say that a finite p-group G satisfies Hypothesis (A2), if G is of nilpotency class 3 and of conjugate type (1,
A group G is said to be a Camina group if xG ′ = x G for all x ∈ G \ G ′ . For determining the structure of G/ Z(G) when G satisfies Hypothesis (A2), the following result of Verardi [11] (also see [8 (A2) . Write G = G/ Z(G) and x = x Z(G) for x ∈ G. Then the following hold: 
Proof. (1) By Lemma 3.4 and Theorem 3.14, [G :
Since G is of nilpotency class 2, G ′ is contained in the centralizer of every element in
(2) By Corollary 2.4, ex p(G) = p. Now the assertion (2) follows from assertion (1). ) and B = C G (y) are distinct proper subgroups of G, and are abelian by assertion (3). Thus for any element w ∈ A ∩ B, it follows that
(5) The assertion follows by (2)-(4) along with Theorem 3.15.
Using Theorem 3.16(1), the following result is an easy exercise. Proof. Since G ′ is elementary abelian (by Theorem 2.5), so are γ 3 (G) and Z(G) (since 
By Theorem 3.16(2), h 1 , . . . , h m are independent modulo Z(G), and
are independent, and they generate a subgroup K of order p 2m in γ 3 (G).
We now proceed to show that K = γ 3 (G). It is sufficient to show that for any
Then by (3.18) [h,
. Therefore, by (3.18) [h,
Similarly we can show that [h, 
. Thus, we get
a contradiction. This proves that (3.20) holds. Hence γ 3 (G) = Z(G), and the proof is complete.
Examples
In this section, we describe the examples of p-groups of conjugate type (1, p 2m ) and class 3 from the construction by Dark and Scoppola [1] .
For an odd prime p and an integer m ≥ 1, let q = p m and F q denote the field of order q. Consider the set G of quintuples (a, b, c, d , e) over F q . Define an operation '.' on G as follows. 
It is easy to see that
then by the commutator formula above, −2cx = 2cy = 0. Since characteristic of F q is odd and c = 0, x = y = 0. Noting that G ′ is abelian, it follows that the centralizer of any element of G ′ \ Z(G) is G ′ , which has index q 2 = p 2m in G. 
Suppose a = 0. For arbitrary x, u, v ∈ F q , we see that y is uniquely determined from (4.1) and then z is uniquely determined from (4.2). Further the values of y, z obtained satisfy (4.3). Hence the centralizer of (a, b, c, d, e) has order q 3 = p 3m , and therefore has index p 2m in G. Similarly, if a = 0 and b = 0, then it follows that the centralizer of (a, b, c, d , e) in G has index p 2m . Hence G is of conjugate type (1, p 2m ).
We show that the group G has a nice description in terms of a matrix group over F q . Consider the following collection of unitriangular matrices over F q :
It is easy to see that H m is a subgroup of U 5 (q). 
Proof of Main Theorem
Let G be a p-group of nilpotency class 3 such that G/ Z(G) is isomorphic to the group U 3 (p m ). Our strategy for proving Main Theorem is to obtain presentations of groups G satisfying Hypothesis (A2) from a presentation of U 3 (p m ); then we proceed to show that the groups, given by the presentations obtained, belong to the same isoclinism family.
We start with finding some structure constants of U 3 (p m ). Let F p m denote the field of order p m . Then F p m = F p (α), where α satisfies a monic irreducible polynomial of degree m over F p . Consider the following matrices in U 3 (p m ) for any integer i ≥ 1:
Then it is easy to see that {X 1 , . . . , X m , Y 1 , . . . , Y m } is a minimal generating set for U 3 (p m ) and {H 1 , . . . , H m } is a minimal generating set for the center (as well as the commutator subgroup) of U 3 (p m ). Further, these matrices satisfy the following relations.
Then, by (5.4), we have
which in turn implies that
The constants κ i,j,l for 1 ≤ i, j, l ≤ m, which we call the structure constants of U 3 (p m ), will be frequently used in the remaining part of the paper. The generators 
We now build up a presentation of a finite p-group G such that G/ Z(G) ∼ = U 3 (p m ). 
such that H is isoclinic to the group G admitting the following presentation:
where κ i,j,l , 1 ≤ i, j, l ≤ m, are the structure constants of U 3 (p m ).
Proof. By Propositions 2.1 and 2.2, H is isoclinc to a group G satisfying hypothesis (A1). Then by Lemma 3.4, Theorem 3.14 and Lemma 3.19,
The desired presentation of G is obtained from the presentation of U 3 (p m ) ( ∼ = G/ Z(G)) described just before the lemma. Note that, by Theorem 2.5, G ′ is elementary abelian. Since | Z(G)| = p 2m and Z(G) is of exponent p, Z(G) is minimally generated by 2m elements z 1 , z 2 , . . . , z 2m (say). Let ϕ : G → U 3 (p m ) denote a surjective homomorphism with ker ϕ = Z(G). Let X i 's, Y i 's and H i 's be the generators of U 3 (p m ) considered in the discussion preceding the lemma.
Choose
It follows that the set
generates G, and 
Thus [x 1 , y i ] = h i w i for some w i ∈ Z(G). Replacing h i by h i w i , which do not violate any of the preceding relations, we can assume, without loss of generality, that (5.9) [
Finally, we have h 1 ∈ G ′ \ Z(G). Further, G is of conjugate type (1, p 2m ), and [G :
are independent, and they belong to 
2m . In particular, γ's and δ's (in the relations (R3) and (R4)) are uniquely determined by the structure constants κ i,j,l of U 3 (p m ).
Then, again by (3.18), we get
Since the structure constants κ i,j,l are symmetric in i, j (see (5.6) 
This proves the first assertion of the Lemma, and the second one goes on the same lines.
As an immediate consequence of the preceding result, we have Up to now, we have shown the uniqueness of γ's and δ's (Theorem 5.12). Next we show the uniqueness of λ's and µ's. First we prove some lemmas.
Lemma 5.14. For 1 ≤ i, j ≤ m, the following hold:
. . , z m , proving the first assertion. The second assertion follows on the same lines.
Before proceeding further, we recall the following commutator identities in a finite pgroup G of nilpotency class 3 with p odd, which will be used in computations without any reference. Note that, in this case G ′ is abelian, so the ordering of commutators is immaterial. For a, b, c ∈ G, 
We prove assertion (2) in two steps, as the arguments of Step 1 will be used further. Similarly, µ i,j,l , 1 ≤ i, j ≤ m, 1 ≤ l ≤ 2m, are uniquely determined by the structure constants of U 3 (p m ).
extends to an isomorphism θ : G ′ 1 → G ′ 2 . Consider the diagram
where a G 1 and a G 2 are the commutation maps as defined in Section 2.
From the commutator relations of G 1 and G 2 (that is, the relations (R1)-(R9) of G 1 , and correspondingly those of G 2 ), it follows that the above diagram commutes for the generators of G 1 Thus, for any m ≥ 1, H is uniquely determined up to isoclinism, and hence is isoclinic to the group H m / Z(H m ) (see Section 4).
